MES 601 Fundamentals of Materials Engineering
Homework 1 – due Monday September 22
1.  Show how a Bingham plastic fluid differs from a Newtonian fluid when flowing through a pipe.
For flow through a pipe, the shear stress is given by:
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Where P includes both the pressure difference and any gravity effect.  For a Bingham plastic fluid,
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, if |rz| > 0; and 
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otherwise.  For the first case, substituting in the top equation:
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which can be integrated to give
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; C1 can be evaluated as Vz=0 at r=R so that
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when the liquid flows.  Thus, one difference is the second term as the first term is the velocity for a Newtonian fluid.  The second difference is the region in which 
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.  In this region, which is called plug flow, Vz is a constant.  Vz is found in this region by remembering that this velocity must be the velocity at which the fluid begins to move, i.e. Vz = V|=0 at some radius r0.  Thus, 
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which can be substituted into the velocity equation to give:
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Often r0 << R, as the plug flow region is in the center of the tube which gives
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 in the plug flow region.
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2. Two immiscible liquids are flowing in laminar flow between two parallel plates.  Is the velocity distribution shown below ever possible?  Please explain your answer, assuming that the velocity profile given in the figure is parabolic for both Liquid A and B.
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For the distribution shown, at the liquid-liquid boundary, VA=VB, and A=B.  The shear stress for Newtonian fluids can not satisfy this requirement as the velocity gradients are in opposite directions.  Further, at the interface, t is zero, which would imply no shear transfer between phases which is only possible for Newtonian fluids if one fluid is a gas.  For Bingham plastic fluids, the velocity distribution is not possible.  It seems likely that for some combination of Ostwaelde- de Waele fluids this might be possible if the coefficients of the Ostwald-de Waele law can be of opposite sign.  Also, turbulent flow conditions would greatly alter the flow conditions and it seems likely that this could exist under these conditions. 
3. A semi-infinite body of liquid with a constant  and  is bounded on one side by a flat surface.  Initially, the fluid and surface are at rest; at time t=0, the plate is set in motion with velocity V.  No pressure gradient exists and gravity is perpendicular to the direction of movement.  Develop the equations by which one can find the velocity as a function of time and dimension coordinate perpendicular to the flat surface.  Identify a dimensionless variable that will simplify the resulting partial differential equation.

For this case, Vz=Vy=0 (y is the dimension coming out of the picture) and Vx=f(z,t).  As this situation is clearly a function of time, at least at the start:
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 with boundary conditions 
1. t<0, Vx=0 for all z; 
2. t>0, Vx=Vplate, for z=0; 
3. z=∞; Vx=0 for all t. 
Dimensionless variables that would help 1. V*=Vx/Vplate; 
2. x*=x/L  (where L is the plate length
3. =z/[2((nt)]
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4.  A fluid of constant density and viscosity is in a cylinder container of radius R.  The container is caused to rotate about its own axis at angular velocity, Ω.  The cylinder axis is vertical, so gr=g=0 and gz=-g.  Develop the equations by which the fluid surface shape at steady state can be determined.
While this could be solved in any coordinate system, cylindrical coordinates work the best.  The figure below shows the situation.  At steady state, Vr=Vz=0, and V=f(r) only.  The pressure inside the liquid will depend on r (centrifugal force) and on z (through gravity).  The equation of continuity doesn’t really give anything useful here, so we are left with the Navier-Stokes equations.

r-direction
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z-direction
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-component
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_____________________________________________________________________
I would expect up to this point with an attempt at the material below

The -component can be directly integrated to give 
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.  C2 must be zero as V can’t be infinite at r=0.  To evaluate C1 the definition of the angular velocity is used – V=R at r=R, so that C1=2, and V=r.  This can be substituted into the r-direction component giving 
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, which is easily integrated to give 
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.  C can be found from the boundary condition that at r=0 (the center line), z=zo and P=Po, so Po=-gzo+C or C=Po+gzo yielding:
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.  The free surface is defined as P=Po, and the final equation for the surface shape can be found: 
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, thus, z=A+Br2=f(r2) which is a parabola.
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